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Figure 12. Pressure dependence of the fold surface free energy 
u,: (A) thermodynamic data (P, = 1 bar); (0) lamellar thickness 
data (P, = P,). 

pressure thereafter. This behavior is remarkable but is 
quite distinctly evident. 

While u, data can, in principle, also be determined from 
T,  vs. 111 data for material crystallized a t  high pressure, 
this analysis is seriously limited by practical considerations. 
The high-pressure lamellar thickness data available’l is a t  
relatively large undercoolings, in general well outside the 
short range of temperatures a t  which approximately linear 
T,  vs. T,  data are obtained. This eliminates a direct 
correlation between the melting and lamellar thickness 
data, and an extrapolation procedure is required. Several 
further approximations are needed to calculate cr, values 
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a t  high pressure, which are found to lie near 0.027 J /m2,  
which is about midway between the two limiting values 
(0.020 and 0.035) in Figure 12. In view of the gross ap- 
proximations involved, this inconclusive result is not 
unexpected; the increase in u, is nevertheless qualitatively 
evident. 

A model involving a pressure-induced change in the 
crystal fold conformation has been proposed3 to explain 
the behavior of cre a t  high pressure. This model will be 
discussed in a later publication; however, it is possible at 
this time to state that the observed jump is easy to rec- 
oncile with an adjacent reentry fold but does not seem to 
be compatible with a switchboard mode. 
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ABSTRACT: Small-angle neutron scattering is a technique for studying polymer chain conformation using 
mixtures of protonated and deuterated species. When the polymer is under some external constraint, different 
radii of gyration are determined along directions of the scattering vector parallel and perpendicular to the 
stretching axis. Published experiments use only data along these two directions, and most of the data collected 
on two-dimensional detectors are thrown away. For a system with an axis of rotational symmetry (polymers 
under uniaxial stretch), the scattering cross section has elliptical symmetry at small scattering vectors. An 
analysis with the radius of gyration having elliptical azimuthal dependence makes efficient use of two-dimensional 
detectors. An elliptical fitting technique is useful particularly when part of the important data is not accessible 
on the spectrometer. 

Amorphous polymer chains are described by random 
Gaussian conformation, and it is of current interest to 
know how this conformation changes under external con- 
straint.1-8 The plastic deformation behavior of polymers 
can be studied in two ways, isotropic deformation (e.g., 
swelling) or anisotropic deformation (e.g., uniaxial 
stretching or compression). Small-angle neutron scattering 
(SANS) has become a popular technique for studying the 
polymer chain conformation in the solid state using mix- 
tures of protonated and deuterated species to determine 
the radius of gyration. The spherical averaging inherent 
in isotropic systems causes details in the molecular con- 
formation to remain undetected. In highly oriented sys- 
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tems the conformation of the individual polymer chain 
depends on its orientation relative to the constraint. I t  
is found that different radii of gyration are determined 
along directions of the scat kering vector parallel and per- 
pendicular to the axis of stretching or compression. The 
molecular theory of polymer elasticity states that the de- 
formation is affine; that is, the dimensions of the molecular 
chains deform in direct proportion to the macroscopic 
dimensions of the sample. 

SANS measurements frequently use large-area posi- 
tion-sensitive detectors. The intensity of scattered radi- 
ation is recorded as a two-dimensional contour (that is, as 
a function of scattering and azimuthal angles) representing 
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Figure 1. Schematic diagram of a small-angle neutron scattering 
experiment on a uniaxially stretched polymer sample, showing 
the elliptical contours on the two-dimensional detector. 

distances characteristic of the inhomogeneities in the plane 
normal to the direction of the incident beam. This is 
illustrated in Figure 1. When the sample is anisotropic, 
as in stretched or oriented polymers, it is customary to  
analyze the scattering in different azimuthal directions? 
The two-dimensional detector is divided up into small 
azimuthal sectors A+, and only those sectors parallel and 
perpendicular to the stretch axis are used, so that not all 
the data are used. Much longer counting times are re- 
quired for equal statistical accuracy than for experiments 
on isotropic samples where the counts per cell are larger 
because the intensity is averaged over all the detedor cells. 

These longer counting times are unnecessary, since it 
can be shown that all the data can he used to determine 
the necessary parameters. For preferentially oriented in- 
homogeneities, the scattered intensity will have elliptical 
azimuthal symmetry, with major and minor axes corre- 
sponding to distances in the scattering plane characteristic 
of the inhomogeneities.'O The observation of ellipitically 
symmetric scattering contours implies only that there is 
some preferred direction of the inhomogeneities about 
which there is, an average, rotational symmetry. We 
summarize the theory given elsewhere" and apply the 
results to recent  publication^.'^ 

The scattered intensity measured at the detector is 
proportional to the Fourier transform of the scattering 
density function of the system. The general expression 
for the scattering crms section S(Q) may be expanded for 
small values of the scattering vector Q. Reflection sym- 
metry and the introduction of the pair correlation function 
g(r) for the inhomogeneities allow the scattering cross 
section to he written in terms of an integral Jd3r g(r). 
(Q.r)2. If it assumed that g(r) is independent of azimuth, 
that is, on the average the inhomogeneities have rotational 
symmetry about an axis (the stretching or compression 
axia, then g(r) depends only on the scalar distance r and 
the polar angle, but not on the azimuthal angle. Integra- 
tion over the azimuthal angle gives an expression for the 
scattering cross section that is dependent only on the polar 
angle 8, of the scattering vector Q relative to the sample 
symmetry axis 

S(Q) = [l + (2 cos2 0, + bZ sin2 SdQ2]-' 

The constants a and b are independent of the polar angle 
8, of the vector Q and are related to the second moments 
of the pair correlation function. Note that if the pair 
correlation function is assumed to be independent of the 

= [l + RC2(8,)Q2]-' (1) 
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Figure 2. Schematic diagram showing (i) the scattering plane 
at an angle 8, to the sample axis i and (ii) the scattering vector 
Q with a polar angle 8, relative to the symmetry axis and an 
azimuthal angle 6, within the scattering plane, such that cos 8, 
= cos 8 ,  cos @p 

polar angle (that is, the scattering system is isotropic so 
that g(r) depends only on scalar r), the two constants are 
identical, and the cross section is given by 

S(Q) = [l + (2) 
the familiar Guinier approximation at  low Q. 

We can define RQ, the radius of gyration of the inho- 
mogeneities in the plane of the scattering vector Q, by 

The value of the radius of gyration depends on the angle 
O1 of the scattering plane relative to the symmetry axis of 
the sample (see Figure 2). The polar angle 8, of the vector 
Q is given by 

cos 8, = cos cos (4) 

where is the azimuthal angle of Q within the scattering 
plane. Integration over the azimuthal angle of the vector 
r relative to the symmetry axis gives the result 
Rc2(0,,q5,) = (a2 cos2 8,  + b2 sin2 8,) cos2 6, + b2 sin2 & 

(5) 
showing that the radius of gyration has azimuthal (41) 
dependence on the scattering vector Q, as well as angular 
(8,) dependence of the scattering plane relative to the 
sample symmetry axis. This gives rise to scattering con- 
tours with elliptical symmetry and with the radius of gy- 
ration having an eccentricity given by (a2 cosz 8,  + b2 sin2 
0,)1/2/b. Note that when the symmetry axis lies perpen- 
dicular to the scattering plane ( i l Q ) ,  then 8,  = T/Z, and 
RQL2 = RCL2 = b2. The scattering is symmetric, inde- 
pendent of azimuth, and the two-dimensional data may 
be averaged radially to give measured radius of gyration 
Rol. When the symmetry axis lies in the scattering plane, 
then 8, = 0, = 8,, and RQ1? = Rcl? cos2 8, + R G I Z  sinZ 
0,, where 8, is now the azimuth. The scattering has el- 
liptical azimuthal symmetry, and the measured radii of 
gyration along and perpendicular to the axis of symmetry 
are Roll and Rol.  Note also that for an isotropic system 
where g(r) depends only on scalar r that the integration 
of eq 3 gives 

In general, there is no reason to suppose that the cor- 
relation function of chains within an amorphous polymer 
placed under some external constraint has lower than ro- 
tational symmetry. Hence such data can be analyzed by 
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the foregoing analysis. Given the elliptical form of the tension of the polymer sample (EDR), in contrast to the 
Guinier approximation, we have shown that the cross results of Hadziioannou et  al.5 on polystyrene. This is 
section may be written probably because both modes of deformation have taken 

place. Though their data were taken on two perpendicular 
linear position-sensitive detectors, the scattering contours, 
if measured, would have shown elliptical symmetry. 

S(Q)-l = 1 + [RGl12 cos2 8, + RG12 sin2 8,) cos2 dl + 
&12 sin2 dJQ2 (7) 

where RGli and RGl are the radii of gyration of the inho- 
mogeneities when the scattering vector Q is parallel and 
perpendicular to the sample symmetry axis, 8, is the angle 
the scattering plane makes with the symmetry axis, and 
dl the azimuthal angle of the scattering vector. Generally, 
measurements are taken for samples with the symmetry 
axis in the scattering plane to give RG11 and RGl directly. 
Only those parts of the data that lie along the two per- 
pendicular directions are used and the rest thrown away. 
It is better to use the entire two-dimensional data and fit 
them to a function of the form of eq 7. We now apply this 
analysis to some recently published results. 

SANS measurements to characterize plastic deformation 
of amorphous polymer require deuterated-labeled species 
to be added, so that the radii of gyration of the deurated 
component are determined in directions parallel and 
perpendicular to the unique axis. The earlier 
show that around the onset of uniaxial stretch, S(Q)-' is 
linear in Q2 and that for small draw ratios (<3) the de- 
formation is purely affine at low temperatures. However, 
the contribution of nonaffine mechanisms increases with 
temperature. This suggests two types of plastic defor- 
mation behavior of polymers: (1) a t  lower temperatures 
polymer chains slip relative to each other (individual chains 
elongate by unfolding) for which it is possible to define a 
unique axis, and (2) at  higher temperatures there is also 
diffusion (individual chains move relative to each other) 
which has no preferred direction defined on the molecular 
level. 

Lefebvre et a1.6 report SANS measurements to charac- 
terize plastic deformation of amorphous polystyrene under 
compression which result in a shear band. They find that 
the diffusional mode shows no asymmetry with RGIl - RGl - RGO, whereas the slip mode results in marked asym- 
metry, given by the eccentricity RGl/RGll. The elliptical 
contours of the data should be related to the elements of 
the strain tensor. 

Hadziioannou et al.5 have performed SANS measure- 
ments on coextrusion oriented polystyrene. They find good 
agreement between the effective draw ratio (EDR) and the 
molecular draw ratio (MDR) determined from SANS 
measurements. This is confirmation of the affine model, 
indicating that under the drawing conditions used, the 
radii of gyration deform in the same manner as the ex- 
ternal dimensions. In terms of the radius of gyration RW 
of the undrawn polymer, which is isotropic, the scattered 
intensity for the extruded polymer when the extrusion 
direction lies in the scattering plane may be given by 

S(Q)-l = 
1 + f/3RGo2Q2[(MDR)2 cos2 8, + (MDR)-l sin2 So] (8) 

where 8, is the azimuthal angle relative to the drawing axis. 
All the accessible data can be fitted by this equation, and 
the ratio of the major and minor axis of the elliptical 
contours gives the molecular draw ratio; that is, RGIl/RGl 
= (MDR)3/2. These equations are valid, of course, whether 
the polymer deforms affinely or not. 

On the other hand, Ballard et al.' have reported SANS 
measurements on the molecular conformation in hot drawn 
polypropylene samples which exhibit marked asymmetry 
in the diffraction pattern. However, they find only modest 
elongation of the molecule (MDR) compared to the ex- 

Hadziioannou et ala5 report that the falloff of the-scat- 
tered intensity corresponding to the direction parallel to 
the extrusion sometimes occurs a t  too small values of 
scattering vector to allow a direct measurement of the 
radius of gyration in the drawing direction for large RGll. 
The scattering at  very low Q can be obscured by the beam 
stop, particularly for samples of large molecular weight 
with a large effective draw ratio. The use of a two-di- 
mensional detector and an elliptical fit allows all the ac- 
cessible data to be used to give both the MDR and the 
values of the radii of gyration in both directions. 

Sadler and Barhams have given an alternative technique 
to analyze asymmetric data that are partially obscured by 
the beam stop, for the customary experimental condition 
of the symmetry axis laying in the scattering plane. If the 
draw ratio is very large such that RGll >> RGl, then the 
form of an off-axis cut perpendicular to the major axis 
(along the draw direction) may be approximated by 1 + 
RGII*Q~. Again, this method only uses a small fraction of 
the available data and is only valid for highly asymmetric 
scatterers. 

The use of the Guinier equation with azimuthal asym- 
metry requires the definition of an axis to the scattering 
contours and a determination of the aspect ratio to define 
a molecular draw ratio. The use of such a fit allows all the 
data available on the detector to be used so that the run 
times for comparable statistics can be brought closer to 
those of the isotropic polymer samples. While this paper 
shows the usefulness of the method in the Guinier region 
(QRG < l), it is also applicable to the intermediate Q region 
where the intensities are lower. This technique will also 
be useful for time-dependent measurements for the study 
of polymer dynamics.12 

The above analysis assumes perfect resolution data, and 
errors in the determination of the radii of gyration may 
arise when corrections for both angular and wavelength 
resolution of the spectrometer are ignored. The contri- 
bution of the angular resolution is independent of scat- 
tering vector, whereas the contribution of the wavelength 
resolution increases linearly with scattering vector. Pro- 
vided AA/A is relatively small (-lo%), the error in the 
measured values of RG using this analysis without resolu- 
tion corrections is also small, since the data fall off rela- 
tively slowly in scattering vector. On the other hand, if 
measurements are made with AX/X - 50%, the resolution 
broadening is considerable, resulting in lower measured 
values of RG In addition, there may also be errors caused 
by multiple scattering, though it has been shown13 that for 
typical experimental conditions these are small. 
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ABSTRACT: The loops-excluded model of the a-helix to random coil transition of a-helical, two-chain, coiled 
coils (dimers) in which loop entropy acts to produce a single interacting helical stretch in the dimer has been 
reformulated in terms of the supermatrix method of Jernigan and Flory. It is demonstrated that the 
loops-excluded model is a member of the class of nearest-neighbor models. Serial matrix product expressions 
for the internal partition function of the dimer, Zd, the overall helix content, f h d ,  the helix probability profiles, 
and the ratio, Rd, of the number of residues that are part of randomly coiled runs at the chain ends to the 
total number of random coils are derived. The supermatrix method is demonstrated to possess none of the 
numerical instabilities of our previously developed extension of the Poland recursion relation method to 
two-chain, coiled coils. Application of the supermatrix formalism to homopolymers demonstrates that all 
the conclusions of the loops-excluded model based on the recursion relation method remain unchanged. In 
the limit that Rd lies near unity, the neglect-loop-entropy theory (in which loop entropy is entirely ignored) 
and the loops-excluded model are identical. When Rd is significantly less than one, loop entropy makes the 
helix-coil transition more cooperative; thus values of the helix-helix interaction parameter w extracted from 
experiment and employing the neglect-loop-entropy theory may be significantly in error, overestimating the 
helix-helix interaction at high helix content and underestimating it at low helix content. 

I. Introduction 
In a previous work (hereafter designated paper I), using 

a modification of Poland’s recursion relation method,’ the 
theory of the a-helix to random coil transition in two-chain, 
coiled coils was extended to include the effect of loop 
entropy.2 The important qualitative conclusion that  
emerges from the study is that in two-chain, coiled coils 
(dimers) of short to moderate length, the entropic cost of 
forming interior random coil loops between interacting 
helical stretches is so prohibitive as to eliminate them 
entirely. Thus, there is a single interacting helical stretch 
in the dimer, perhaps preceded or followed by noninter- 
acting helical stretches punctuated by interior random coil 
sequences. The model that possesses these features is 
called the “loops-excluded model”. While the qualitative 
conclusions are correct, certain numerical instabilities in- 
herent in the recursion relation method as modified and 
applied to two-chain, coiled coils were found. In this paper 
we present an alternative matrix method that not only 
eliminates these numerical instabilities but is computa- 
tionally faster, and we also, and much more importantly, 
demonstrate that the loops-excluded model is a nearest- 
neighbor interaction model, thus enabling us to employ 
matrix techniques developed previou~ly .~-~  The matrix 
method will be applied to homopolymeric, two-chain, 
coiled coils and compared with calculations made via the 
Poland recursion relation method and with the neglect- 
loop-entropy theory. 

As a detailed discussion and justification of the under- 
lying physical ideas that form the basis of the loops-ex- 
cluded model has been given previously, we refer the reader 

to paper I, with particular emphasis on sections I and V. 
We content ourselves here with a brief review of the salient 
features of the helix-helix interaction. 

The a-helical, two-chain, coiled coil tropomyosin is 
known to have a quasi-repeating heptet in the primary 
sequence that has been designated by the letters “a-g”.”s 
Positions “a” and “d” are almost always occupied by hy- 
drophobic residues; position “e” is almost always anionic 
and position “g” cationic. The interaction of the hydro- 
phobic residues “a” and “d” with their hydrophobic 
counterparts on the adjacent chain, “a’” and “d‘”, respec- 
tively, and the possible salt bridge formation of residues 
“e” and “g” with “g’” and “e’”, respectively, on the adjacent 
chain are believed to be responsible for the greatly en- 
hanced helix content of the dimer relative to the isolated 
single chains, Le., monomers (the latter calculated from 
Zimm-Bragg helix-coil transition theoryg using the D and 
s values as determined by Scheraga et al.1(!-23). To in- 
corporate the essential physics of the interaction into the 
theory, the two-chain, coiled coil is divided into alternating 
four- (a-d) and three-residue blocks (e-g) and treated by 
the coarse-graining method originally developed by 
Crothers and K a l l e n b a ~ h . ~ ~  Thus we require that residues 
“a-d” (or “e-g”) be in the all-helical state on both chains 
to effect the enhanced stability characterized by a param- 
eter w. Thus, the coarse graining is not, as in the case of 
DNA, an approximation employed to simplify the calcu- 
lations; rather it is a statement of the fundamental physics 
of the interaction. 

Two problems are encountered when Poland’s recursion 
relation method is applied to two-chain, coiled coils, and 
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